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Kronecker Tensor Product

®: GL, x GLy = GLym

(A B) > A B
auB ... iaB
AB=| : |
amB ..l annB

®: Spop X Spom — SO4nm
®: SO, x SO, — SOpm



-
Garibaldi's Example

PSp, x PSpg < HSpin;g — Es

Z(Spin4n) = {17 _17£a _g} = Z/2Z D Z/2Z
SO4p = Sping, /{1, -1}, HSpin,, = Spiny, /{1,&}

Spin16

Sp, X Spg —2— SO16



-
Garibaldi's Example

PSp, x PSpg < HSpin;g — Eg
Z(Spin4n) = {17 _17£a _g} = Z/2Z ® Z/2Z
SO4n = Sping, /{1, -1}, HSpiny, = Spiny, /{1,{}

Spin16
% \y
Sp2 X Sp8 > HSpin16
= PSp, x PSpg < HSpinyg
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Chevalley Groups

Describes linear algebraic groups by generators and relations based off
information from the root system.

Let G be a split semisimple linear algebraic group over F = F, choose a
maximal torus T C G. Then G has a root system & C T*.

Then we can express G as generated by symbols x,(t) where a € &, t € F.

ho(t) = Xa(t)x—a(—t ") xa(t)Xa(—1)x_a(1)xa(—1) for t € FX.



-
Chevalley Groups

Example: Sp,. Type G, @ = {te; + e, £2€1 £ 267 }.

1 ¢t 0 O 1
010 O 0
Xel—e2(t): 0 0 1 —t ’ X—2€2(t)_ 0
0 00 1 0

t 0 O 0

0t O 0

hel+ez(t): 00 t_l 0

00 o !

O ~+ = O

O = OO

= O O o



Chevalley Groups

Theorem (Steinberg’s Yale notes)
The simply connected groups of each type are given by:
G = (xo(t) | € &, t € F) where

0 xo(t)xa(u) = xo(t + v)

@ hy(t)ha(u) = ha(tu)

o (xa(t),xg(u)) = TI Xiatjp(cyt'sV)

i,j>0
iat+jBEP

V.

After fixing an order on ®, the constants c;; only depend on the roots «, 3
and so can be calculated in non-simply connected groups of the same type.



-
Lifting ®

Let Sp,,,, Spa, be generated by x,(t), x/,(t), SO be generated by y,(t),
and Spin by z,(t).

Describe ®: Sps, X Spa;,; — SOanm in terms of Chevalley generators.
Example:

Xei*ej(t) ®1= H ye(i—1)2m+k*e(j_1)2m+k(t)

n—1

1 ® X2e U) H yeka-H eka-f—m-f—l( U)
k=0



-
Lifting ®

Spinll'nm
lza(t)aya(t)

Sp2n X Sp2m — SO4pnm

Naively define Sp,,, X Sp,,,, — Sping,,, to act analogously on generators.
Example:

Xe,-—ej ® 1= H Ye(i—1)2mik—¢€( 1)2m+k(t)

n—1

1 ®X2e u) H-yGka+l e2mk+m+l( U)
k=0



-
Lifting ®

Spinll'nm
lza(t)aya(t)

Spy, X Spay, ——— SO4nm

Naively define Sp,,, X Sp,,,, — Sping,,, to act analogously on generators.
Example:

(Xe,—e, ) = HZe 1)2m+k—€(j— 1)2m+k(t)

n—1
(1’X£e,-(u)) = H Zezmk+i*€2mk+m+i(_u)

k=0
This does produce a well-defined homomorphism.



-
Lifting ®

Via the same process we can also lift ®: SO, x SO, — SO,m:

/

Spin,, x Spin,, LA Spin,,,

l l

SO, x SOm —Z % SOpm



Injections into HSpin

By composing ¢, ¢’ with Spin — HSpin we can produce
e PSp,, X PSp,,,, < HSping,,, when n and/or m even.
e PSOy, x PSO2, < HSpin,,,, when n and/or m even.
@ HSping, x SO2m+1 <> HSping,omy1)



|
Rost Multipliers

Let G be a split semisimple linear algebraic group. Associated to G is a
group of quadratic invariants Q(G) discussed by Garibaldi, Merkurjev, and

Serre.

Let T C G be the maximal torus, ® C T* the root system, and W the
Weyl group.

W acts on ® and this action can be extended to T*, and from there
extended to Sym(T™).

Q(G) = Sym*(T*)"

Example: Killing form, > a® a.
acd



-
Rost Multipliers

If G is simple then Q(G) = Zgq.
If G =Gy X...Xx Gy is semisimple then Q(G) =Zq1 @ ... D Zq, = 7".

If p: G — H is a homomorphism, there is an associated homomorphism
p*: Q(H) — Q(G). The integers describing this map are called Rost
multipliers.

Q(G) is closely linked to the theory of degree 3 cohomological invariants
of linear algebraic groups.



-
Multipliers of Injections into HSpin

PSpZn X I:)Sp2m — Hspin4nma

where (a,b) =

n

(mod 4)

Q(Hspin4nm) — Q(PSPQn) ® Q(Psp2m)
Q(HSping,,) — Q(PSO2,) ® Q(PSO2m)

PSO3, x PSO2,, — HSping,,

q+— aq1 @ bga
m  (mod 4)
0 1 2 3
0f(mn) (m3z) (m3) (m3)
11 (3n) (3,1
21 (5,n) (m3) (5,3) (m3)
31 (%) (%)
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Multipliers of Injections into HSpin

HSping, X SO2m+1 = HSpingp2m11)

Q(HSpingp2m41)) = Q(HSping,) & Q(SO2m+1)
(2m+1)g1 +2ng2 n=0 (mod 4)
g— < (2m+1)g1 +4ng; n=2 (mod 4)
(2m+1)g1 +8ng2 n=1,3 (mod 4)



Cohomological Invariants

A degree 3 cohomological invariant of a linear algebraic group G with
coefficients in Q/Z(2) is a natural transformation of functors

a: HY (=, G) — H3(—,Q/Z(2))

These form a group denoted Inv3(G, Q/Z(2)).

IV (G,Q/Z(2))norm
Inv*(G, Q/Z(2))ina = Iv3(G, Q/Z(2))dec




Cohomological Invariants

Merkurjev:

ZJ/2Z n=0 (mod 4)
0 else

Inv3(PSp,,,, Q/7Z(2))ing =

IV (PSO20, Q/Z(2))ing = OZ/ZZ n=0 (mod 4)

Bermudez and Ruozzi:

0 n>1isoddorn=2
Inv3(HSping,,, Q/Z(2))ind £ { Z/2Z n=2 (mod 4),n+# 2
Z/AZ n=0 (mod4)



Cohomological Invariants

A map of linear algebraic groups p: G — H induces a commutative
diagram

|nV3(H,Q/Z(2))norm M |nV3(G,Q/Z(2))norm

! * |

Inv3(H, Q/Z(2))ing —— 1n0v3(G,Q/Z(2))ind

In the case when G and H are split, p; , is described by Rost multipliers.
ind



A result of Merkurjev, Neshitov, and Zainoulline

They consider A € Inv3(SLp,n, /tm> Q/Z(2))norm and
X SL,,1 /,um X Sl—n2 /,Um — SL"1”2 /:“m

Onorm (8) (F)

T

75::71 x Szl;%) —— HY(F,SLnyn, /1tm) L0, H3(F, Q/Z(2))

HY(F,PGL,, x PGL,,) —— HY(F,PGLy;n,)

HY(F

For a central simple [F-algebra A, define an element

H3(F, Q/Z(2))

A TE U



A result of Merkurjev, Neshitov, and Zainoulline

In this case, via Rost multipliers, @ ; =0

SL
= @ om(A) € InV3(Tn1 x

SL,,
Lim ; Q/Z(z))dec

H3(F,Q/Z(2))

= ( 1® 2) ®norm( )( 1, 2) 0e ]F‘Xu%[A]
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Applications to HSpin

Consider A € Inv3(HSping,m; Q/Z(2))norm and
®: PSpy, x PSp,,, — HSping,,,

Dnorm (A) (F)

T T

H(F, PSp,, x PSpa,,) —— HY(F, HSping, ) — % H3(F,Q/Z(2))

HY(F,PSO4nm)

For a central simple [F-algebra with orthogonal involution (A, o), similarily

define an element s
H*(F, Q/Z(2))

AA) € T Al



|
Applications to HSpin

Consider A € Inv3(HSping,m; Q/Z(2))norm and
®: PSO2, x PSO2m — HSpin4nm

Dnorm (8) (F)

T

HY(F, PS5y x PSOnm) — HY(F, HSping,) — % H3(F,Q/Z(2))

HY(F,PSO4nm)

For a central simple [F-algebra with orthogonal involution (A, o), similarily

define an element 3
H*(F,Q/Z(2))

AA) € Al



Thank You



